We determine necessary conditions for when powers corresponding to positive/negative coefficients of Φ n are in arithmetic progression. When n = pq for any primes q > p > 2, our conditions are also sufficient.
INTRODUCTION AND MAIN RESULTS
For integers n ≥ 1, the n-th cyclotomic polynomial is defined as Φ n (X) = n m=1,(m,n)=1 (X − e 2πmi n ).
It has been well-known that Φ n is in Z[X] with order φ(n), where φ is the Euler totient function. By [15, Remark 2.2] , in the study of cyclotomic polynomials, we can reduce our enquiry to the case when n is odd, square-free and composite. Much work has been done to characterize Φ n (see [2, 3, 4, 10, 12, 13, 15] ), and many nice results are achieved when n has a small number of prime divisors (see [1, 5, 6, 7, 9, 11] ). In particular, Lam and Leung [11] gave an explicit formula for Φ pq
where r, s are nonnegative and pr + qs = (p − 1)(q − 1). Due to [14] , r and s are determined as follows
Here is an example
It is not an accident that the positive and negative terms occur alternatively. In fact, Carlitz [9] proved a stronger result relating the coefficients of Φ pq to the numbers smaller than (p − 1)(q − 1) that can be written as pi + qj for some nonnegative integers i and j. Also, if we expand the products in (1.1), the resulting monomial terms are all different [11] .
Our main result shows necessary conditions when powers of X are in arithmetic progression. Here are two examples
Observe that powers corresponding to positive coefficients of Φ 21 (X) are in arithmetic progression, and powers corresponding to negative coefficients of Φ 55 (X) are in arithmetic progression. The following theorems provide necessary conditions for when these arithmetic progressions appear. Let c n,k be the coefficient of X k in Φ n (X) and define S + n := {k : c n,k > 0} and S − n := {k : c n,k < 0}. Theorem 1.1. Let n be an odd, square-free, composite number. Write n = p 1 p 2 · · · p t , where p 1 < p 2 < · · · < p t . Then the following hold.
(i) If t is odd, S + n is not in arithmetic progression. (ii) If t is even and S + n is in arithmetic progression, then p 2 = mp 1 + 1 for some m ∈ N.
Let n be an odd, square-free, composite number. Write n = p 1 p 2 · · · p t , where p 1 < p 2 < · · · < p t . Then the following hold.
(i) If t is odd and S − n is in arithmetic progression, then t = 2 and 3(
(ii) If t is even and S − n is in arithmetic progression, then p 2 = mp 1 − 1 for some m ∈ N.
We have the two following corollaries. Corollary 1.3. Let n be an odd, square-free, composite number. Then S − n and S + n are not simultaneously in arithmetic progression.
Proof. Write n = p 1 p 2 · · · p t , where p 1 < p 2 < · · · < p t . If t is odd, Theorem 1.1 says that S + n is not in arithmetic progression. Suppose that t is even and that both S + n and S − n are in arithmetic progression. By items (ii) of Theorem 1.1 and Theorem 1.2, 1 , which implies that either p 1 = 2 or p 1 divides p 2 . Both cases are impossible. This finishes our proof.
Remark 1.4. If we allow p = 2, then S + 2q and S − 2q can be simultaneously in arithmetic progression. For example, Combined with Formula (1.1), this clearly indicates that S + pq is in arithmetic progression of difference p.
For item (ii), the forward implication follows immediately from Theorem 1.2 item (ii). For the backward implication, suppose that q = mp −1 for some m ∈ N. Formulas (1.2) and (1.3) gives r = m − 1 and s = p − 2. Combined with Formula (1.1), this clearly indicates that S − pq is in arithmetic progression of difference p.
PROOFS OF MAIN RESULTS
To prove our two theorems, we modify a powerful technique first introduced by Suzuki [13] to get information about the first few terms of cyclotomic polynomials. The following lemma is the key ingredient.
Lemma 2.1. Let n be an odd, square-free, composite number. Write n = p 1 p 2 · · · p t . Then under modulo X p 2 +2 ,
where µ(n) denotes the Mobius function. Under modulo X p 2 +2 ,
If t is odd, µ(n) = −1 and µ(n/p 1 ) = µ(n/p 2 ) = 1. Since it is well-known that d|n µ(d) = 0 for all n > 1, we get ℓ = −1. So,
If t is even, we get µ(n) = 1, µ(n/p 1 ) = µ(n/p 2 ) = −1 and ℓ = 1. So,
We have finished our proof. Lemma 2.2. Let n be an odd, square-free, composite number. Write n = p 1 p 2 · · · p t . Suppose that 2p 1 + 2p 2 ≥ φ(n) + 2, where φ is the Euler totient function. Then t = 2 and 3(p 1 + p 2 − 1) ≥ p 1 p 2 .
Proof. Suppose that t ≥ 3. Then
So, 2p 1 + 2p 2 ≥ φ(n) + 2 implies that 4(p 1 + p 2 ) ≥ 3p 1 p 2 + 4, which is a contradiction since p 1 p 2 > 4p 1 and 2p 1 p 2 > 4p 2 . Therefore, t = 2 and it follows that 3(p 1 + p 2 −1) ≥ p 1 p 2 , as desired.
We are ready to prove our main theorems.
Proof of Theorem 1.1. If t is odd and S + n is in arithmetic progression, by Lemma 2.1, it must be that S + n = {0, 1, 2, . . . , φ(n)}. However, X p 2 and X p 2 +1 have coefficient −1, a contradiction. Therefore, S + n is not in arithmetic progression. If t is even, Lemma 2.1 guarantees that 0 and p 1 are in S + n . Suppose that S + n is in arithmetic progression. If p 2 ∈ S + n , then p 1 divides p 2 , a contradiction. So, X p 2 must be cancelled out by X mp 1 +1 for some m. Therefore, p 2 = mp 1 + 1, as desired.
Proof of Theorem 1.2. If t is odd, Lemma 2.1 says that p 2 and p 2 + 1 are in S − n . In order that S − n is in arithmetic progression, S − n = {p 2 , p 2 + 1, . . . , φ(n) − p 2 }. So, the number of powers with negative coefficients is exactly φ(n) − 2p 2 + 1. Hence, −(φ(n) − 2p 2 + 1) is an upper bound for the sum of these coefficients. By symmetry of cyclotomic polynomials, S + n = {0, 1, 2, . . . , p 1 − 1, φ(n) − p 1 + 1, . . . , φ(n) − 1, φ(n)}. So, the number of powers with positive coefficient is exactly 2p 1 . Since each of these coefficients is 1, the sum of them of 2p 1 . Using the well-known fact that Φ n (1) = 1 if n is not a prime power, we get 2p 1 − (φ(n) − 2p 2 + 1) ≥ 1, which is equivalent to 2p 1 + 2p 2 ≥ φ(n) + 2. By Lemma 2.2, we have the desired result.
If t is even, Lemma 2.1 says that 1 and p 1 + 1 are in S − n . If p 2 + 1 is in S − n , p 1 must divide p 2 , a contradiction. So, X p 2 +1 must be cancelled by X mp 1 for some m ∈ N. Therefore, p 2 = mp 1 − 1.
